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Introduction

Spherical geometry studies figures on the surface of a sphere and differs from Euclidean geometry
because curvature changes the behavior of lines, angles, distance, and parallelism. On a flat plane,
the shortest route between two points is a straight segment, parallel lines do not meet, and the
angles of a triangle sum to 180 degrees. On a sphere, the analogue of a straight line is a great circle,
and the shorter great-circle arc between two non-antipodal points provides the shortest surface path.
Spherical triangles can have angle sums greater than 180 degrees, while distinct great circles meet
rather than remaining parallel. These differences do not make Euclidean geometry incorrect. They
show that geometry depends on the space being modeled. Earth provides an intuitive application,
although the planet is not a perfect mathematical sphere. For approximate global calculations, a
spherical model is often sufficient; for precise surveying, navigation, and positioning, an oblate
ellipsoid provides a better representation. Understanding these distinctions prevents common
confusion among classroom geometry, map projections, geodesy, road routing, and Einstein’s curved
spacetime.

Great Circles, Spherical Distance, and Triangles

A great circle is produced when a plane passing through the center of a sphere intersects its surface.
The equator is one example, while opposite meridians together form another. Most circles of latitude
are smaller circles because their planes do not pass through Earth’s center. Between two non-
antipodal points on a perfect sphere, the shorter great-circle arc is the unique shortest surface path;
antipodal points are exceptional because infinitely many great circles connect them with equal length.
If the central angle between two points is measured in radians, the great-circle distance equals that
angle multiplied by the sphere’s radius. Latitude and longitude can be used with the spherical law of
cosines or haversine formula to compute the central angle. Spherical triangles also display curvature
directly because their angle sums exceed 180 degrees, and the amount of excess is proportional to
their area. A triangle formed by the North Pole and two equatorial points ninety degrees apart has
three right angles and therefore totals 270 degrees, an impossible result in plane geometry (Strogatz,
2010).
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Why Maps Distort and Routes Look Curved

Airline routes often appear curved on rectangular world maps because every flat projection distorts
some geometric property of a curved surface. A projection can preserve selected features such as
local angles, area, or particular distances, but it cannot preserve shape, area, distance, and direction
everywhere at once. The Mercator projection preserves local angles and historically supported
navigation, yet it enlarges high latitudes and makes most great-circle routes look curved except along
the equator or meridians. A flight between North America and Europe may therefore appear to arc
toward the north even when the route approximates a shorter path over the globe. Operational
aviation routes are more complicated because weather, winds, restricted airspace, fuel planning,
airport availability, fees, and safety constraints can shift the path away from a pure geodesic. The
apparent curvature on a map is thus primarily a projection effect, while the real route reflects both
geometry and operational conditions. Choosing a projection is an analytical decision tied to purpose
rather than a neutral way of displaying Earth (Snyder, 1987).

Earth as an Ellipsoid and the Practice of Geodesy

Earth is slightly wider at the equator than from pole to pole because rotation produces an oblate
shape, and mountains, ocean trenches, and variations in gravity create additional irreqularity. Modern
geodesy therefore uses reference ellipsoids and datums such as the framework underlying WGS 84 to
define coordinates consistently (National Geospatial-Intelligence Agency, n.d.). The geoid represents
an equipotential surface related approximately to mean sea level and differs from the smooth
reference ellipsoid because Earth’s mass is distributed unevenly. On an ellipsoid, the shortest surface
paths are still called geodesics, but they are not generally planar circles and require more complex
calculations. Karney’s modern geodesic algorithms solve direct and inverse problems accurately over
an ellipsoid, including difficult cases near antipodal points (Karney, 2013). The distinction between
sphere and ellipsoid matters according to required precision. A classroom calculation, rough global
distance, or visualization may work well with a spherical approximation, while cadastral surveying,
satellite navigation, and high-accuracy engineering require a reference ellipsoid, a datum, and careful
treatment of coordinate systems rather than the assumption that Earth is a perfect sphere.

Road Networks, GPS, and Practical Navigation

Road navigation illustrates why the shortest geometric path is not always the route a traveler can
use. Cars must follow streets, bridges, tunnels, legal directions, turn restrictions, and available
crossings, so routing software models transportation as a graph rather than simply calculating a
great-circle path across Earth’s surface. Nodes and edges represent intersections and road segments,
and algorithms such as Dijkstra’s algorithm or A* search can minimize distance, travel time, tolls, or
another selected cost. Geographic coordinates and projections help locate and measure the network,
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but the routing problem is primarily one of constrained optimization. Satellite navigation adds another
layer by estimating receiver position from signal timing and orbital information within a global
reference frame. Software then converts those coordinates into latitude, longitude, and screen
positions appropriate for the map being used. Atmospheric delay, satellite geometry, clocks,
multipath, and datum differences all influence precision. Practical navigation therefore combines
geometry, geodesy, graph theory, measurement, and real-world constraints rather than relying on
one mathematical model for every stage of the journey.

Curvature from Gauss and Riemann to Einstein

The development of intrinsic geometry created a bridge from Earth measurement to modern physics.
Carl Friedrich Gauss showed that the curvature of a surface can be determined through
measurements made within the surface rather than only by viewing it from an external space.
Bernhard Riemann generalized these ideas to spaces of arbitrary dimension and variable curvature,
providing mathematical language for metrics and geodesics. Their work emerged from a much longer
history of spherical trigonometry used by astronomers, navigators, and geographers. Einstein later
used related differential-geometric ideas in general relativity, where gravity is represented through
the curvature of four-dimensional spacetime rather than as a force acting across an ordinary spherical
surface. Freely falling objects follow timelike geodesics and light follows null geodesics. The
conceptual connection is important, but the geometries are not identical: spherical geometry is a two-
dimensional positively curved model, whereas relativistic spacetime has a Lorentzian metric and
includes time. Understanding that distinction prevents a useful analogy from becoming a physical
misconception (Einstein, 1916; do Carmo, 2016).

Conclusion

Spherical geometry explains why familiar Euclidean rules change when figures are drawn on a curved
surface. Great circles replace straight lines as geodesics on a perfect sphere, spherical triangles can
have angle sums greater than 180 degrees, and the shortest route between distant points may
appear curved after projection onto a flat map. Earth makes these ideas practical but also shows the
limits of the spherical model. The planet is better represented by an oblate ellipsoid for precise work,
while the geoid and local terrain add further complexity. Aviation, surveying, cartography, satellite
positioning, and global modeling therefore use different mathematical approximations according to
scale and required accuracy. Road-routing software introduces another distinction because vehicles
travel on constrained networks that are solved as graph problems rather than unconstrained
geodesics. Gauss, Riemann, and Einstein further demonstrate how the concept of curvature extends
beyond the globe into intrinsic geometry and spacetime. The central lesson is methodological: choose
the geometry that matches the space, precision, and constraints of the problem instead of assuming
that one model explains every kind of navigation or distance.
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